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Abstract. Let C be a smooth projective irreducible curve defined over a finite 
field ¥q and K = ¥q{C). We show that every non-torsion element q g X of 
degree d over A" of a Drinfeld A-module if> defined over K has canonical height 
h^(a) at least 1/d. Similarly, if E/K is a non-constant elliptic curve defined 
over a function field K = 1{C) of a curve C defined over an algebraically closed 
field I of characteristic or p > 3, we show that every point of infinite order 
P G of degree d over K has canonical height hE{P) at least c/d, where 

c depends only on the degree of the j'-map associated to E/K. 



1. Introduction 

Let a be an algebraic number of degree d over Q and suppose it is not a root 
of unity. Let /i : Q — > R be the absolute logarithmic height. Lehmer's conjecture 
consists in asking for an absolute real constant c > such that h{a) > ^. 

Although this question remains open, analogues of this conjecture have been 
considered in other contexts. Let E be an elliptic curve defined over a number field 
K, Je its j-invariant, K the algebraic closure oi K, P £ E{K) a point of infinite 
order and He '■ E{K) IR its canonical height. Let K{P) be the field generated 
over K by the coordinates of P, d = [K{P) : K] and D=[K -.q]. In Corollary 
0.2] it is shown that if je is non-integral, then there exists c > depending on E/K 
such that He^P) > (j^(iogd)^ • ^ ~ max{l, This result was improved in 
m Corollary 1.4], where it was proved that there exist absolute effective computable 
real constants C5,C6 > such that hE{P) > c<^h{dD)^^ [l + '°g(^^) ^ ^ jf jg 

integral, and hsiP) > ceD-^d'^^^^h-^ (l + ^^S^^^^ \ otherwise. In section 3 
we prove an analogue of this result for non-constant elliptic curves over function 
fields over algebraically closed fields of characteristic or p > 3. 

Let C be a smooth irreducible projective curve defined over a finite field of 
q elements and K = Fq(C). The direct translation of Lehmer's conjecture to K 
is trivial, because the requirement that a is not a root of unity is equivalent to 
a G K — ¥q, thus there is a discrete valuation v : K ^ 'E (J {00} oi K such that 
v{a) < and therefore ^.(q;) > ^• 

Another instance of the Lehmer problem is to consider the canonical height 
hcj, : K ^ M. oi a, Drinfeld ^-module cj) : A ^ K{t} of rank r defined over a 
K — ¥q{C). We also have a notion of torsion elements in this context and we ask 
for a constant c depending on (f> such that for every non-torsion element a £ K 
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with [K{a) : K] = d we have hcj,{a) > ^. We prove this in section 2 starting with 
the case where K — ¥q{T) is the rational function field over ¥q and A = ¥q[T]. 
The general result is then deduced from this case. Analogues of this type of result 
were proved in |3). 

2. Drinfeld modules 

Let A = ¥g [T] be the polynomial ring in one variable over the finite field Fg of q 
elements, k ~ ¥q{T) its field of fractions and : A — > Endfe(Ga) = ^{t} a Drinfeld 
A- module of rank r defined over k with respect to the inclusion A d k. Denote 
ipT — T + aiT + . . . + Oj.t''. 

Let k be the algebraic closure of k and h : k ^ R the absolute logarithmic Weil 
height. The global height of the Drinfeld module at a e fc is defined by (cf. j2| 
§2]) 

f . . h{(t)T^{a)) 
h^{a) = hm — . 

n-^oo q'" 

Analogously to the case of elliptic curves this global height decomposes in a sum of 
local heights which are defined as follows. Let L = k{a) and Ml the set of places 
of L normalized so that they correspond to discrete valuations v : L ^ 'ZU {oo}. 
Let dv be the degree of v and d = [L : k]. The local height of a at w with respect 
to (j) is defined by (cf. §4]) 

i r \ '^^ niin{0,'y((/»T"(a))} 
a n— >oo q''-' 

It follows from the above definitions that 

(2.1) h^{a) = ^ h^,y{a). 

An element a £ k \s called a torsion element of (f) if there exists f E A — {0} such 
that 0/(a) = 0. 

Theorem 2.1. Let a £ k he a non-torsion element of cf) and d = [k{a) : k]. Then 

Proof. Let S C Ml be the set consisting of the poles of T = ao, ai, • • • , and 
the zeros of a^. Suppose there exists v ^ S such that v{a) < 0. Then, for every 
0<i<d, 

q^v{a) + v{ar) = q^v{a) < q^v{a) < q^v{a) + v{ai), 
hence v{(f)Tict)) — q''v{a). By induction, for every n > 1, we also have v{(j3T^ (a)) = 
g"'-w(a), thus V^a) = -^via) > i. 

Assume now that all the poles of a lie in S. Let v £ S he a pole of a. Let 

M^,^, = mm . 

0<i<r q^ — 

Suppose v{a) < M^^v and v{ar) < 0. The first inequality implies v{(j)T{oi)) = 
v{ar) + q^v{a). The two inequalities imply 

q''{q'' - q^)v{a) < (g'' - q^)v{a) < w(aj) - v{ar) < v{ai) - v{ar) - {q"" - q')v{ar), 

for every <i < r, i.e., 

g2''w(a) + (g'' + l)v{ar) < q''+'v{a) + q'v{ar) + w(a,), 
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I.e., 

vicjjT^ia)) = q^'-via) + (g'' + l)v{ar) = q^''v{a) + v(ar). 
Suppose we have proved that for every integer 1 < to < n we have 



Then 



= q'iq'^ - qW-'^'^via) + (gt"-^)"^ + . . . + q^ + l)v{ar)) 
< i;(ai) - v{ar) - (q"^ - q^)v{ar). 



Thus, 



g"''«(a) + + . . . + + l)v{ar) 

i.e.. 

Hence, 

/i0,t.(a) = {v{a) + ^ ^■ 

Suppose now that v{a) < M^^y, but v{ar) > 0. Let ^ be a sufficiently negative 
power of a local parameter at v so that ^^a^) < 0. The Drinfeld module 
ip — ^^^0^ is isomorphic to cj) and by [HI Proposition 2] ft-^.t, = /i^^t,. Note that 
tpT = T + ^'^^aiT + . . . + ^^UrT^ . Then for every < i < r we have 

{q''-q')v{a) < v{a^)-v{ar) < v{a^)-v{ar)-v{^){q'' -q') ^ v{^''^'^a,)-v{^''''-'^ar), 
in particular, v{a) < M^.^,. By the argument of the last paragraph we conclude 
that h^^via) = h^,v{a) > ^• 

If v{a) > M^^y, let f be a sufficiently positive power of a local parameter at v 
such that 

^^■^ = O'il^r = ^2l<r [ qr-q^ ^ "^^^ ) ^ 

Once again we take the Drinfeld module ijj — £,^^if)^ which is isomorphic to (f>. By 
the two last cases and ^ Proposition 2] we conclude that hv.^{a) = hy^^{a) > ^. 

By the non- negativity of the local canonical heights we conclude that h^{a) > 
\- □ 
2.1. The general case. The Lehmer problem for Drinfeld modules can be for- 
mulated in a more general set-up and its proof is reduced to that of Theorem 12. II 
Let C be a smooth projective irreducible curve defined over a finite field of q 
elements. Let oo be a fixed place oi K = Fq(C), A the ring of functions in K 
which are regular everywhere except at oo, Voc ■ K Z U {oo} the normalized 
discrete valuation associated to oo and doo the degree of oo. For any a & A, let 
deg(a) = — c?ooi'oo(a). The field K is an A- module with respect to the inclusion 
A d K . A Drinfeld A-module of rank r defined over if is a ring homomorphism 
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4): EndA'(Ga) ^ K{t} such that for every a G A, deg(0a) = g''dcg(a) ^nd the 
constant term of <j)a is a itself. 

Let a e A - Fg. The global height of a e 1? is defined as (cf. |2 §2]) 

= hm , . 

"-00 deg(0a") 

Let L = K{a) and d = [L : iiT]. For every discrete valuation w : L ^ Z U {oo} of 
degree dy the local height is defined as (cf. §4]) 

h {a) - lim minjO, t;((/)a,. (a))} 
n^oo d deg(0Q") 

As observed in 9, Proposition 3] these heights are independent of the choice of 

a^A-¥q. 

The Dedekind domain A is a finitely generated F^-algebra. Let A the the set of 
generators of A as an Fg-algebra, T € A^ deg(T) = d-r and (pr = T + ai{T)T + 
. . . + ardT{T)T^'^^ ■ Let a € K he a, non-torsion element for (p with [K(a) : K] — d. 
Replacing the a^'s in the proof of Theorem 12. II bv the ai(T)'s the proof of Theorem 
12 .11 shows that 

(2.2) h^a) > 1. 

3. Elliptic curves 

Let C be a smooth irreducible projective curve defined over an algebraically 
closed field / of characteristic or p > 3, let if = 1{C) be its function field and K 
its algebraic closure. Let E/K be a non-constant semistable elliptic curve defined 
over K , Lp£ : £ ^ C its minimal semi-stable regular model, js '■ C —> the j-map 
induced by (p£ and Iie ■ E{K) R its canonical height. 

Let P e E{K) and L = K{P) the field generated by K and the coordinates of 
P. Let d = [L : K\, Ml the set of places u of L which are normalized so that 
w : L ^ ZU {oo} is the corresponding discrete valuation. Let Lv be the completion 
of L with respect to v and : E{Kv) K its local Neron function ^2 Chapter 
VI]. Let w = v\K, e{v\w) the ramification index of v over w, w' = e{v\'w)w : K — » 
Z U {oo} the normalization of w, K^} the completion of K with respect to w and 
n(v\'w) — [Ly : A'^]. Then 

(3.1) iiEiP) = ^ E «(«k)A.(P), 

[TTl VI, Theorem 2.1]. 

Let De/k be the minimal discrimant of E/K and dE/K = deg(J)£;/x)- Since 
E/K is semi-stable, it follows from |10l Chapter VII, Proposition 5.1] that 
w'(T>e/k) = ^'w'{js) for every pole w' of jg, thus deg^js) — dE/K- For every 
V S Ml, let — max}?;, 0}. 

Lemma 3.1. Proposition 1.3] Let A^N >\ he integers, Qo, • • • , Qqan G E{Lv) 
distinct points. Then there exists Po • • ■ , Pn G {Qo, ■ ■ • , Qqan} such that for each 

Proposition 3.2. #{Q e E{L) \ hE{Q) < %j^} < 24. 
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Proof. Denote S = {Q E E{L) \ fiEiQ) < and suppose #5 > 24. Let A = 2 

and iV + 1 = [^] > 1 the integral part of then 1 < iV + 1 < So we can 
choose 12N + 1 distinct points Qq, ■ ■ ■ ,Qi2N+i in S. By Lemma [3.11 there exist 
Po,--- ,Pn € {Qo, ■ ■ ■ ,Qi2N+i} such that X^^Pi - Pi) > ^v+{j^^) for i I. It 
follows from the triangle inequality that 

(3.2) H = maxhE(Q)> max /i(P,) > r V /i£;(-P, - i^;)- 

^ ' Qes ""^^'-iKiKN ^ " - 4N{N + 1) j^^ ^ ' 

Hence, by (EU and (|22l, 



96d ^ ^ e(v\w) "■'^ ' - 96(i ^ ' 96c/ 



□ 



Remark 3.3. We used the fact that I is algebraically closed just to ensure that 
the poles of have all degree 1. 

As a consequence of Proposition 13 . 21 we obtain a theorem which simultaneously 
deals with the Lehmer and the Lang problems for elliptic curves over function fields. 
Recall that the Lang problem is to find a constant c > depending on E/K such 
that for every non-torsion point P G E{K) we have hE{P) > cd^/K- 

Theorem 3.4. Let P e E{K) be a non-torsion point of E/K and d = [K{P) : K]. 
Then there exists an absolute real constant c > such that hE^P) > c 



E/K 

d 



Proof. Suppose hE{P) < Then for every 1 < n < 25, hE{nP) ^ n^liEiP) < 

-§^, which contradicts Proposition 13. 21 So we take c — qq^qq . Q 

Remark 3.5. The constant for the Lehmer problem is g^^J^ so it depends only on 
deg(je) = d^/K: in the semi-stable case. 

Remark 3.6. In [S] Theorem 0.2] Hindry and Silverman proved Lang's conjecture 
for function fields over algebraically closed fields of characteristic 0. In the case 
where ds/K > 24((7 — 1), where g denotes the genus of K, they obtained an abso- 
lute constant c. However, our constant is greater than theirs, thus improving the 
result. In the case where ds/x < 24(3 — 1), their constant depends exponentially 
on g, whereas ours is absolute and improves the constant part of their bound. Nev- 
ertheless, we have just proved Lang's conjecture in the case of semi-stable elliptic 
curves. Inspired on Theorem 0.2] we had previously proved Lang's conjecture 
for semi-stable elliptic curves over function fields of positive characteristic The- 
orem 5] using Proposition 1.2]. First, the bounds we obtained there do not have 
absolute constants, they depended not only on g but also on the inseparable degree 
of js. Furthermore, the present bound improves their constant parts. The reason 
for obtaining an absolute constant is that [SJ Proposition 1.3] gives a lower bound 
which depends only on the choice of a positive integer A, however the lower bound 
of [HI Proposition 1.2] depends on the number iV -I- 1 of points Pq, ■ ■ ■ , Pn chosen 
in E{Lv) (cf. 13 proof of Proposition 3]). 
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Another consequence of Proposition 13.21 is a bound for the order of the torsion 
group E{K)tor- 

Corollary 3.7. =f^E{K)tor < 24. 

Remark 3.8. Previous bounds for the torsion of elliptic curves over function ficls in 
characteristic were obtained in Theorem 7.2] and in the case of characteristic 
p, Goldfeld and Szpiro treated the case where C is defined over a finite field ^ 
Theorem 13], but the result extends to algebraically closed fields of characteristic 
p > 3 and we also obtained a bound (cf. [7| Theorem 7]) using Proposition 
3]. In the case of characteristic 0, the upper bound depended on cIe/k- Using 
Szpiro's theorem on the minimal discriminant of elliptic curves over function fields 
J3 Theoreme 1], i.e., (Ie/k < 6^*^(2(7 — 2 + Je/k), where p'^ is the inseparable 
degree of js and Je/k is the degree of the conductor divisor of E/K, it follows an 
upper bound whose constant part is worse than the bound of CoroUarv 13.71 The 
bounds in characteristic p (in the semi-stable case) were cf'^e/k^ respectively 2(t|,^^, 

where Oe/k = Tfy^- ^e/k > 24p'^((7 — 1), then (using again ^1 Theoreme 1]) 
c_B/if < 12^*^ and otherwise (Te/k ^ Ae/k < 24^*^(3 — 1). Not only is the bound of 
CoroUarv 13 . 71 absolute . but also it is better than the estimates for c^/^^ . 

3.1. Integral points. Theorem 13.41 and CoroUarv 13 . 71 implv as in [S| §8] an upper 
bound for the number of integral points of an S'-minmal Weierstrass equation of 
E/K. 

Let S* be a finite set of places of K and Rs C K the ring of 5-integers. For 
every a S i^T let hxia) = [K : /(a)]. A Weierstrass equation j/^ = + Bx + C with 
discriminant A is called 5'-minimal if /ii<-(A) is minimal subject to f{x) G Rs[x\. 
Let 5 ^ min{/i£;(P) | P e E{K) - {E{K)tor n E{Rs))} and e = max{/iB(P) | P e 
E{Rs)}. In [m Lemma 1.2 (a)] it is shown that #E{Rs) < H^E{K)to,{K){l + 
2y^)''^, where te denotes the rank of E{K). It follows from [7| Remark 14] that 

(3.4) e<p%12g + 4#S + 5dE/K)- 

Theorem 3.9. Let — + Bx + C he an S -minimal Weierstrass equation 
for E/K. IfdE/K > '2'ip%g - 1), then #E{Rs) < 24(2299 Vp^)*^^ , otherwise 
#i?(i?s) < 24(2021 V^^^)--. 

Proof. By Theorem ^ > If ds/K > 2Ap%g - 1), then g < ^ + I. 

Thus, since #5* > 1, 

1 < 60000-^(12(7 + 4#5 + Sd^/^) 
d dE/K 

< eOOOOp^ (^12 + l) + 9#5^ 

< 1320000p'^#5. 

The first statement follows from (|3.5(l and CoroUarv 13. 71 

Suppose now that dE/K < 24p'^((7 — 1). In this case, since #5 > 1 and g > 2, 
we have 

I < 60000-^(12.9 + 4#S' + 5dE/K) < 60000p'=(12g + 9#S) 
(3.6) <5 dE/K 

< 1020000p'=g#S'. 
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The second statement follows from (jB.fill and Corollary 13. 71 □ 

Remark 3.10. The bound of Theorem 13.91 improves the bounds of Theorem 
8.1] in the case of characteristic when d^/x ^ 24((7 — 1). When d < 24(g — 1) 
we also have an improvement of the constant part (which does not depend on the 
rank te of E{K)) if 5 > 3. Note that in this latter case, the constant part of their 
bound depends on whereas ours does not. In both cases the bound of Theorem 
improves that of T, Theorem 15]. 



3.2. Lehmer problem : the general case. If we no longer suppose that E/K is 
a semi-stable elliptic curve, then deg(j£) < d^/x (cf. |101 Chapter VII, Proposition 
5.1]). In this case, instead of Proposition 13.21 we need to bound the cardinality of 
a smaller set 

(3.7) #|Qeij(£);/j^(Q)<^^M|<24. 

As a consequence. Theorem 13.41 is replaced by: for every non-torsion point P oi E 
of degree d over K we have hE{P) > ^, where c' = We cannot obtain 

Lang's conjecture as in Theorem 13.41 because Lemma f3 . 1 1 involves v^{jg^), hence 
the proof of Proposition IX^ onlv gives deg(j£) and not d^/K- 

3.3. Integral points : the general case. The bound of H3.7|l also implies that 
i^E{K)tov < 24. Note that in the general case 

Je/k < 2#{poles oijs} < 2deg^{j£), 

where deg^(je) denotes the separable degree oi js. 

Theorem 3.11. Let y'^ ~ + Bx + C be an S -minimal Weierstrass equation for 
E/K. IfdE/K > 24p'=(g- 1), then #E{Rs) < 24(13788VffP^#5')''^ , otherwise 
#E{Rs) < 24{12121gVp^Y^ ■ 

Proof. If dE/K > 24p''(5 - 1), then 

J < 60000-^- (125 + 4#5 + 5dE/K) 
S deg(j£) 

( dE/K 



(3.8) < 60000-^— ^ + 12 + 9dE/K#S 

deg(j£-) \ 2p<' ' 

< 1320000 ^ . dE/K#S. 
deg(j£) 

Szpiro's discriminant theorem [131 Theoreme 1] was first proved in the case of semi- 
stable elliptic curves. However, this result was extended by Pesenti and Szpiro to 
any elliptic curve [HI Theoreme 0.1]. It follows from jH| Theoreme 0.1], ()3.8|l and 

fs/K < 2deg^(j£) that 

2e 

< 7920000-^— (25 - 2 + fE/K)#S 

(3.9) ' ^'^t^ 

< 23760000 ,^, , 9fE/K#S < 47520000p''g#S. 

deg(j£) 

The result now follows from iflT^ and #E{K)toi < 24. 
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Suppose now that cLe/k < 24p'^((7 — 1), then 



(3.10) ^ 6120000 ^ . g(2g - 2 + fE/K)#S < 18360000. 



4 < 60000 , . , (12,9 + 4#S' + 5dE/K) < 1020000' 




deg(jf) 



gdE/K#S 



deg(j£) 



< 36720000p^52_^S'. 
The result now follows from I^H^ and #£;(if )tor < 24. 



□ 



Remark 3.12. Observe that the bounds of Theorem 13 . 1 II are a worse than those 
of Theorem EHl 
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